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Mixed charge-spin response functions of an arbitrarily polarized electron gas
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In this paper, using different approaches we demonstrate the equality of the two mixed charge-
spin response functions of a spin-polarized electron gas when orbital effects are negligible. Within
a generalized STLS approximation we show that the two mixed responses are equal. We also
present arguments for the equality of the two dynamic responses by considering a symmetry of the
effective screened interaction between two opposite spin electrons. Furthermore, using the reflection
symmetry of the system and the fact that the hamiltonian is real we prove rigorously that the two
responses coincide identically.
71.45.Gm, 71.10.+x, 72.10.Bg, 73.50.Bk
I. INTRODUCTION
An electron gas (EG) can be macroscopically charac-
terized in terms of its response functions. For an un-
polarized EG in a uniform positive background, using
many-body local fields to account for the vertex correc-
tions associated with the charge and spin density fluc-
tuations, it has been shown in Refs. 1–3 that only the
charge response and the longitudinal spin response func-
tions are sufficient to obtain the self-energy and the ef-
fective interaction between electrons. Again using the
many-body local field formalism, for a system that is po-
larized it was however found that one has to also have
knowledge of the two mixed charge-spin response func-
tions (i.e., the charge response to an external magnetic
field and the spin response to an external electric poten-
tial) and the transverse spin response4. Earlier on Kim et
al.5 treated the two charge-spin mixed response functions
within a random phase approximation and found them
to be identical. More recently, Yi and Quinn6 studied
these two responses in an uniform EG which is polarized
by a DC magnetic field but which has negligible orbital
effects. These authors conjectured that the two mixed
response functions, in general, can be different.
In this paper we demonstrate the equality of the two
mixed response functions in the polarized system con-
sidered in Ref. 6. In Sec. II, we use arguments of in-
creasing sophistication/rigor to establish the coincidence
of the two responses. We first present arguments for
the equality of the responses within a generalized STLS
approximation7. Next we show that the mixed charge-
spin responses are equal by exploiting a symmetry of the
effective screened interaction between two opposite spin
electrons. Lastly by invoking the reflection symmetry of
the system and the fact that the hamiltonian is not only
hermitian but also real, we prove that the two responses
are exactly identical. Finally in Sec. III we discuss the
behavior of the mixed responses in the limit of large mo-
mentum or large frequency and also present our conclu-
sions.
II. SYMMETRY BASED EQUALITY OF
RESPONSES
In the analysis that follows we will ignore the effect of
the induced magnetization. We will first derive expres-
sions for the charge, the spin, and the two mixed response
functions. Using arguments similar to those used in Ref.
4 we note that the potential felt by an electron of spin σ
when an external potential is applied is given by
Φσ(~q, ω) = ∆nσ/χσ0 = φ
σ + v(q)
[
∆n−σ(1− 2Gσ,−σ)
+∆nσ(1 − 2Gσ,σ)] , (1)
where v(q) is the Coulombic interaction between two elec-
trons. Furthermore χσ0 is the non-interacting polarizabil-
ity, ∆nσ is the density fluctuation, and Gσ,σ
′
are the
many-body local fields and are all functions of ~q and
ω. In Eq. (1) for an applied spin symmetric [spin an-
tisymmetric] electric potential Vext(~q, ω) [magnetic field
Hext(~q, ω) ], φ
σ(~q, ω) = eVext [gσµBHext]. On defining
Gσ± ≡ G
σ,σ ±Gσ,−σ we obtain, in agreement with Ref. 6
the following expressions for the charge, the longitudinal
spin, and the two mixed charge-spin response functions:
χC(~q, ω)=
∆n↑ +∆n↓
eVext
=
(χ↑0 + χ
↓
0) + 2v(q)χ
↑
0χ
↓
0(G
↓
− +G
↑
−)
D
, (2)
χS(~q, ω)
−µ2B
=
∆n↑ −∆n↓
µBHext
=
(χ↑0 + χ
↓
0) + 2v(q)χ
↑
0χ
↓
0(G
↓
+ +G
↑
+ − 2)
D
, (3)
χVCS(~q, ω)=
∆n↑ −∆n↓
eVext
=
(χ↑0 − χ
↓
0) + 2v(q)χ
↑
0χ
↓
0(G
↓
+ −G
↑
+)
D
, (4)
1
and
χHCS(~q, ω)=
∆n↑ +∆n↓
µBHext
=
(χ↑0 − χ
↓
0) + 2v(q)χ
↑
0χ
↓
0(G
↓
− −G
↑
−)
D
, (5)
where
D = 1− v(q)χ↑0[1−G
↑
+ −G
↑
−]− v(q)χ
↓
0[1−G
↓
+ −G
↓
−]
−2v(q)2χ↑0χ
↓
0[G
↑
−(1−G
↓
+) +G
↓
−(1−G
↑
+)]. (6)
Thus from Eqs. (4) and (5) we see that the mixed re-
sponse functions are equal to each other if and only if
G↑,↓(q, ω) = G↓,↑(q, ω).
We will now argue, within the generalized STLS ap-
proximation formulated by Ng and Singwi7, that the two
mixed response functions are equal. Within the gener-
alized STLS scheme the density fluctuations ∆nσ(~q, ω)
induced in the EG by an external spin dependent poten-
tial φσ(~q, ω) are given by (see Ref. 7)
∆nσ/χσ0 (~q, ω) = φ
σ + v(q)
[
∆n−σ
{
1− 2Gσ,−σ(q)
}
+ {∆nσ(1− 2Gσ,σ(q)}] , (7)
where Gσ,σ
′
(q) are the staticmany-body local fields. Here
we would like to reiterate the known fact that the static
nature of the local fields Gσ,σ
′
(q) in the STLS scheme
is a consequence of the approximation made in obtain-
ing the time-dependent two-particle distribution function
and is not a matter of definition as might appear from Eq.
(7). From the above considerations [using Eqs. (1) and
(7)] we see that the mixed responses within the general-
ized STLS approach are obtained by replacingGσ,σ
′
(q, ω)
with Gσ,σ
′
(q) in the expressions for the mixed responses
given by Eqs. (4) and (5). It has been shown, by Ng
and Singwi that V σσ
′
eff (q) ≡ v(q)[1 − 2G
σ,σ′(q)] is related
to the pair correlation function in real space as follows
V σσ
′
eff (r) = −
∫ ∞
r
dv(R)
dR
gσσ′ (R)dR. (8)
We will now demonstrate that gσ−σ(~r) = g−σσ(~r).
Firstly we observe, for an arbitrarily spin polarized EG in
any dimension, that due to reflection symmetry the static
pair correlation function gσσ′ (~r) satisfies the relationship
gσσ′(~r) = gσσ′ (−~r). Next we note that the pair corre-
lation function gσ−σ(~r) is related to the instantaneous
density-density correlation function through the relation
gσ−σ(~r) =
< 0|ρσ(~r + ~r′)ρ−σ(~r′)|0 >
NσN−σ
, (9)
where Nσ is the number of spin σ particles in a sys-
tem of unit volume and ρσ(~r) is the density operator
in real space. Then, since the system has reflection
symmetry and translational invariance, it follows that
gσ−σ(~r) = g−σσ(~r)
8. Then from Eq. (8) it is clear that
Gσ,−σ(q) = G−σ,σ(q) and thus we see that the two mixed
responses are equal within the generalized STLS scheme.
Here it should be pointed out that the many-body local
fields Gσ,σ
′
(q) in the generalized STLS approximation are
not functions of frequency and thus are not the same as
the true static many-body local fields Gσ,σ
′
(q, 0).
We will now proceed to give arguments for the equal-
ity of the two dynamic many-body local fields G↑,↓(q, ω)
and G↓,↑(q, ω). To this end we will derive the effective
screened potential W−σσ felt by a spin −σ electron in
the EG when a spin σ electron sets up perturbations and
then show that based on a symmetry ofW−σσ one obtains
G↑,↓(q, ω) = G↓,↑(q, ω). Let ρσe be the number density of
the perturbing electron setting up density fluctuations
∆nσ and ∆n−σ. Then the potential felt by an electron
of spin σ′ is given by
Φ⋆σ′σ = ∆n
σ′/χσ
′
0 = φσ′σ + v(q)[∆n
−σ(1− 2Gσ
′,−σ)
+∆nσ(1 − 2Gσ
′,σ)],
where
φσ′σ = v(q)ρ
σ
e (1 − 2G
σ′,σ). (10)
On simplifying the above one gets
Φ⋆−σσ =
φ−σσ
D
, (11)
where D is given by Eq. (6). Now, as argued in Refs.
1 and 9 for an unpolarized system, the actual screened
potential between the two electrons Wσ′σ is given by
Wσ′σρ
σ
e = Φ
⋆
σ′σ + 2v(q)ρ
σ
eG
σ′,σ. (12)
The effective screened potential Wσ′σ obtained in such a
fashion also agrees, for an infinitesimally polarized sys-
tem, with the results of Ref. 4. Furthermore, in our treat-
ment if ρ−σe is a spectator electron which experiences an
effective screened potentialW−σσ , the interaction energy
between the two electrons ρσe and ρ
−σ
e is W−σσρ
σ
e ρ
−σ
e .
From the fact that the interaction energy between the two
electrons ρσe and ρ
−σ
e is the same irrespective of whether
ρσe is the perturbing electron with ρ
−σ
e being the specta-
tor electron or vice versa, we have W↑↓ = W↓↑. It then
follows from Eq. (12) that G↑,↓(q, ω) = G↓,↑(q, ω) and
hence that χVCS(~q, ω) = χ
H
CS(~q, ω).
We also note that the effective screened interaction be-
tween two electrons can be expressed as
Wσσ = v(q)
2
{
(1−Gσ+)
2χC + (G
σ
−)
2χS/(−µ
2
B)
−σ(1 −Gσ+)G
σ
−[χ
V
CS + χ
H
CS ]
}
+v(q)+2σv(q)2χ−σ0 (1 −G
σ
+ +G
σ
−)
G↑↓ −G↓↑
D
, (13)
and
2
W↓↑ = v(q)
2
{
(1 −G↑+)(1−G
↓
+)χC −G
↑
−G
↓
−χS/(−µ
2
B)
+(1−G↑+)G
↓
−χ
H
CS − (1−G
↓
+)G
↑
−χ
V
CS
}
+v(q)+2v(q)2χ↓0(1−G
↓
+ −G
↓
−)
G↑↓ −G↓↑
D
. (14)
When G↑↓ = G↓↑ we see from the above two equations
for Wσσ and W↓↑ that the last term vanishes and the
resulting expressions have a pleasing symmetry in terms
of the response functions.
We will now prove that the two responses are iden-
tical to each other by invoking the reflection symmetry
and the real valued property of the hamiltonian. For
this purpose, we begin with the definitions of the mixed
charge-spin response functions.
χVCS(~q, t) ≡ −iθ(t) < 0|[S
z
−~q(t), ρ~q]|0 >, (15)
and
χHCS(~q, t) ≡ −iθ(t) < 0|[ρ−~q(t), S
z
~q ]|0 >, (16)
where χVCS (χ
H
CS) corresponds to the spin (charge) re-
sponse when an external electric potential (magnetic
field) is applied. Furthermore ρ~q and S
z
−~q represent re-
spectively the charge and spin density fluctuation oper-
ators in momentum space, while θ(t) stands for the step
function. From the above definitions one obtains (see
Ref. 4 for alternate derivations)
χHCS(~q, ν) =
∑
n
{
〈0|ρ−~q|n〉〈n|S
z
~q |0〉
ν − ωn0 + iη
−
〈0|Sz~q |n〉〈n|ρ−~q|0〉
ν + ωn0 + iη
}
, (17)
and
χVCS(~q, ν) =
∑
n
{
〈0|Sz−~q|n〉〈n|ρ~q|0〉
ν − ωn0 + iη
−
〈0|ρ~q|n〉〈n|S
z
−~q|0〉
ν + ωn0 + iη
}
. (18)
Next, in the hamiltonian we note that the kinetic term
(p2i /(2m)) and the interaction term (
∑
i6=j v(~ri − ~rj))
have inversion symmetry. Furthermore the Zeeman term
(gµB~σi · ~Hext) also has reflection symmetry because both
spin and magnetic field are pseudo vectors. Then, since
reflection symmetry holds for all the terms of the hamil-
tonian, we have χ
V (H)
CS (~q, ω) = χ
V (H)
CS (−~q, ω) and hence
we obtain the following equality:
χVCS(~q, ω = 0) = χ
H
CS(~q, ω = 0)
= −
∑
n
1
ωn0
{
< 0|Sz~q |n >< n|ρ−~q|0 >
+ < 0|ρ−~q|n >< n|S
z
~q |0 >
}
.
Thus we see that reflection symmetry alone is sufficient
to produce equality of the two mixed responses in the
static case.
We will now prove that the two mixed responses co-
incide in the more general dynamic case as well. We
first note that the hamiltonian is real when the external
uniform magnetic field is taken to be in the z-direction
leading to the Zeeman term being real. Then the eigen-
vectors of the hamiltonian can be taken to be real. Con-
sequently we observe that < n|ρ~q|0 >=< 0|ρ~q|n > and
< 0|Sz~q |n >=< n|S
z
~q |0 >. Based on the above equalities
and reflection symmetry it follows from Eqs. (17) and
(18) that χHCS(~q, ω) = χ
V
CS(−~q, ω) = χ
V
CS(~q, ω). Here we
would like to point out that reflection symmetry holds
even if orbital effects are not negligible. However, when
the orbital effects are included, the eigenvectors need not
be real and hence the mixed responses need not be equal.
The arguments involving reflection symmetry and
the hamiltonian being real can be generalized to
give the equality of the response functions −iθ(t) <
0|[A−~q(t), B~q]|0 > and −iθ(t) < 0|[B−~q(t), A~q]|0 > where
A and B are operators. Here, if in one response function
we interchange the time independent operator that cou-
ples to the external field with the time-dependent oper-
ator that corresponds to the response of the system we
get the other response function.
III. DISCUSSION AND CONCLUSIONS
In Ref. 10, Marinescu and Quinn obtained exact ex-
pressions for the many-body local fields of a polarized sys-
tem in the large momentum limit or large frequency limit
by using approaches similar to those used for unpolarized
systems in Refs. 11 and 12. In the large momentum limit,
G↑,↓ and G↓,↑ have the same functional dependence on
the pair correlation functions g↑,↓(0) and g↓,↑(0) respec-
tively and hence it follows from reflection symmetry that
G↑,↓(q → ∞, ω) = G↓,↑(q → ∞, ω). Furthermore for fi-
nite q and ω →∞, we note that χσ0 (q, ω) ∼ N
σq2/(mω2)
and from Ref. 10 that Gσ,−σ(q, ω → ∞) is even at least
up to order 1/ω2. Then, from Eqs. (4)–(6) it follows that
the difference between the two responses is of the form
χVCS(~q, ω →∞)− χ
H
CS(~q, ω →∞) ∼ A/ω
4 +B/ω6 + ...,
and is thus an even function of 1/ω to at least order 1/ω6.
Next, from Eqs. (17) and (18), on using only reflection
symmetry, we note that
χVCS(~q, ω →∞)− χ
H
CS(~q, ω →∞)
= 2
∑
n
{
< 0|Sz~q |n >< n|ρ−~q|0 >
− < 0|ρ−~q|n >< n|S
z
~q |0 >
}
×
{
1
ω
+
ω2n0
ω3
+
ω4n0
ω5
+ ...
}
.
3
Hence, for ω → ∞ we see from the above two equations
that the two mixed responses, when expanded as a series
in powers of 1/ω, coincide at least to order 1/ω6.
In conclusion, within a generalized STLS framework
we showed that the two charge-spin response functions
coincide. Furthermore, we also presented arguments for
their equality in the dynamic case by considering a sym-
metry of the effective screened interaction between two
opposite spin electrons. Lastly, from the facts that the
system has reflection symmetry and that the hamilto-
nian is real we established the equality of the two mixed
response functions.
Extending the study of mixed responses to quantum
Hall effect systems and including orbital effects could lead
to some interesting insights.
The author would like to thank Subrata Ray and A.
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